An analytical expression for the small-angle neutron scattering intensity of diluted systems of polydisperse spherical particles, with diffusion zones, embedded in a matrix is presented. It is used within a nonlinear regression procedure to analyse small-angle neutron scattering experiments with polarized neutrons on an Fe 73.5 Si 15.5 B 7 CuNb 3 alloy. The results for the nuclear and magnetic scattering length densities allow veri®cation of the inhibitor concept introduced for the explanation of the limited sizes of precipitates developing during nanocrystallization. In the case of amorphous Fe 73.5 Si 15.5 B 7 CuNb 3 alloy, the observed nanocrystals of the Fe 3 Si type are surrounded by an Nb-enriched shell, which stops the growth of the precipitates. With the results of polarized neutron scattering experiments, it is shown that magnetic and nuclear smallangle neutron scattering signals have the same origin. Additionally, the precision of the ®ts is improved by complementary use of polarized neutrons.
Introduction
Nucleation-and-growth mechanisms are often used as basic processes for the preparation of nanostructured solids from amorphous precursors. Small-angle scattering can contribute to the investigation of the transformation from a homogeneous starting state to a nanostructured ®nal state. If the growth of the particles is controlled by diffusion, the smallangle scattering intensity cannot be interpreted in terms of two-phase models; the concentration pro®le of a single particle has to be considered according to the corresponding solution of the diffusion equation (see Aaron et al., 1970) . Taking into account continuous nucleation, it is obvious that the particles are not monodisperse but obey a certain size distribution. These ideas are the basis for the geometrical model applied in the present study. Since the material considered is ferromagnetic, we used neutrons for our smallangle scattering experiments.
Neutron scattering bene®ts from different magnitudes of nuclear interaction with various kinds of atoms, as well as the existence of a neutron magnetic moment. Hence, neutron scattering can be employed to record chemical and magnetic structures, which can be pro®table for the improvement of our understanding of nanometre-scale structures. In small-angle neutron scattering experiments, the signal is obtained as the number of scattered particles dN in a solid angle d, which is proportional to the square of the scattering amplitude F(q):
dNad A 2 0 ar 2 Iq A 2 0 ar 2 jFqj 2 X 1 A 0 is the amplitude of the incident beam and r is the distance between the detector and the scattering centre. For neutrons with wavelength ! scattered elastically at an angle 2Â, the scattering vector q = k À k 0 has the absolute value of q = 4% sin Â/!. The value of the scattering amplitude F(q) in the small-angle neutron scattering regime is given by the asymptotic solution of the wave equation in the ®rst-order Born approximation. This solution can be represented as a sum of an incident plane wave with momentum k 0 and a superposition of scattered waves with momentum k after interaction with the atoms.
We replace the discrete nuclear scattering amplitudes b i by a locally averaged scattering length density (r):
Here " & de®nes the mean mass density, m i is the atomic mass and c i is the concentration of the atom species i in the volume dV. For the nuclear scattering amplitude F n (q), the different nuclear scattering length densities n between sample regions are decisive. The neutron interacts also with the magnetic moments of the sample atoms. The mean strength of this interaction for a region dV can be characterized by the magnetic scattering length density m . Fluctuations in m lead to the magnetic scattering contrast, which is responsible for the magnetic scattering amplitude F m (q). The magnetic scattering length density is given by
where = À1.913 is the magnetic moment of the neutron in nuclear magnetons, M j is the magnetic moment of an atom of type j in Bohr magnetons " B , and B s is the local magnetic saturation ®eld measured in tesla (T). Owing to the vector nature of the magnetic scattering length density, we have to consider anisotropy. For unpolarized neutron beams, the total small-angle neutron scattering signal can be split into an isotropic part I iso and an anisotropic part I aniso ,
where É is the azimuth angle between M and q. If all magnetic moments are aligned to the external ®eld H, the magnetic scattering contribution is described by the anisotropic part I aniso (q, É) = F 2 m sin 2 É, and the nuclear scattering exclusively by the isotropic part I iso (q) = F 2 n . In the intermediate cases between random orientation of the moments (e.g. H = 0) and perfect alignment of all moments with respect to the ®eld, the magnetic scattering is included in both I iso and I aniso (e.g. Kostorz, 1991; Danzig et al., 1998) .
The use of the polarized neutron technique in small-angle neutron scattering with magnetic materials leads to many qualitative and quantitative improvements (e.g. Wiedenmann, 1999) . One can distinguish between the intensity for neutrons with spins aligned antiparallel (I + ) and parallel (I À ) with respect to H:
n fF 2 m Ç 24 1a2 4 Ç1a2 PF n F m g sin 2 ÉX 6 P = (N + À N À )/(N + + N À ) de®nes the degree of polarization. N À (N + ) is the number of neutrons with spin parallel (antiparallel) to the magnetic ®eld, and 4 is the ef®ciency of the spin¯ipper, reversing the polarization of the neutrons. For perfect alignment of all moments to the ®eld and 4P 9 1, one can extract I on and I off from the experiment as
The cross term in equation (6) makes it possible to prove whether the magnetic small-angle neutron scattering signal has the same origin as the nuclear signal or not. If one knows the absolute value of the nuclear or magnetic scattering contrast, one can determine the sign of the other one easily by small-angle neutron scattering with polarized neutrons. Last but not least, the polarized-neutron technique improves the separation accuracy of the magnetic part from the measured signal. For a diluted system of N p precipitates in a sample volume V 0 , the small-angle neutron scattering cross section is determined by
where 3(x) is the probability density function for ®nding parameters x of a set between x and x + dx (e.g. the radius R of a particle between R and R + dR). For further use we de®ne
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A system of non-interacting monodisperse particles [3(x) = (x À R), volume V p ] with volume fraction c a leads to a smallangle neutron scattering signal of d'ad c a aV p jFqY Rj 2 X 10 2. Spherical particles with diffusion zones
Monodisperse systems
A model for spherical particles with diffusion zones, embedded in a matrix (Hermann, Wiedenmann & Uebele, 1997; Kohlbrecher et al., 1996) , can be described by the scattering length density
is the unit step function. In Fig. 1 Central cross section of the scattering length density m (r) of a spherical Fe 80 Si 20 precipitate with radius R and diffusion zone as obtained from the ®t of the small-angle neutron scattering I mag data.
In the case of an isotropic system,
For spherical particles without diffusion zones (F o core ) the result is given by
with f o core qY R 3sin qR À qR cos qRaq 3 R 3 X The more complex amplitude for the matrix±diffusion zone scattering contrast can be obtained as
Polydisperse systems
In practice, intrinsically monodisperse systems are very rare and distributions of the particle dimensions are signi®cantly more natural. On the other hand, the amplitude in the model (12) is analytical, which is an enormous advantage for ®tting the data. To combine the merits of these two points, one can consider the radii of the precipitates as gamma distributed. For the probability density function 3(x, [ " R, s]), the mean value " R and the variance s 2 are chosen as parameters for the gamma distribution:
One can calculate the mean volume " V p of the particles,
as well as the scattering intensity for a diluted system with gamma-distributed radii of spherical precipitates with diffusion zones. One obtains
and, for the cross section,
The limit s 3 0 can be carried out easily and leads to the monodisperse result.
Small-angle scattering intensity
Expression (18) is rather complicated and its algebraic analysis seems to be dif®cult. Of course, one can apply a nonlinear ®tting procedure to small-angle scattering data to compute values for the parameter set { " R, s, l, c , i , a }. On the other hand, a collection of typical scattering curves is very expedient in the modelling process because one can estimate the relevancy of different sample characteristics to the smallangle scattering signal.
In Fig. 2 , the in¯uence of the distribution parameter s is shown. The probability density function 3(x) is scaled with its maximum value at x = " R À s 2 / " R ( Fig. 2b) . Small-angle scattering curves are plotted for different values of (s/ " R), whereas the other parameters are ®xed. A nearly monodisperse behaviour for (s/ " R) = 0.025 is characterized by a series of maxima ( Fig. 2a ), already known from the scattering function of a single sphere with a diffusion zone. The radii for the value (s/ " R) = 0.25 are nearly symmetrically distributed around the mean value " R, which is here close to the most probable value " R À s 2 / " R. The resulting scattering intensity is shown in Fig. 2(c) . The maximum of the small-angle scattering curve is caused by the interference between the core and the diffusion zone of the particle, whereas the subsidiary maxima of monodisperse rigid spheres are smoothed as a result of the radii distribution. For very broad and asymmetric distributed radii (s/ " R) = 0.5, no maximum appears (Fig. 2d) , except that at q = 0.
In Fig. 3 , the small-angle scattering signal calculated from equation (18) for different parameter values i of the scattering length density (r) is shown. One can see that experimental data for small q are very important for the determination of the absolute value of i by nonlinear ®tting. Only for small q values, do different i parameters change the shape of the small-angle neutron scattering curve qualitatively. The disappearance of the small-angle scattering maximum for increasing values of i is related to the decreasing in¯uence of the diffusion zone when i approaches a . Generally, a detailed analysis with a nonlinear ®t procedure is mandatory and will be demonstrated in the following section.
Application
To investigate nanocrystalline structures, of dimensions of about 1±100 nm, formed during annealing of a wide range of amorphous metallic alloys, small-angle neutron scattering is a well established method. These materials are of some interest because many of them have useful physical and technical properties, e.g. soft magnetism (Yoshizawa et al., 1988; Yoshizawa, 1999) , or hard magnetism (Suzuki et al., 1991; Inoue et al., 1995) . Here we show that the small-angle neutron scattering experiment together with a comprehensive model is a valuable tool to analyse the mechanisms controlling the transformation of the amorphous into the nanocrystalline state. There are many conceivable mechanisms for this transformation process under discussion (Koester et al., 1999; Kelton, 1998; Foley et al., 1997; Hermann, Wiedenmann & Uebele, 1997) . The inhibitor concept represents one of the possible hypotheses for the explanation of nanocrystallization (Loef¯er & Johnson, 2000 , Hermann et al., 2000 Hermann, Mattern et al., 1997; Hermann & Mattern, 1999; Inoue et al., 1999; Yavari & Negri, 1999) . This concept is based on the assumption that some atoms in a multicomponent amorphous alloy which cannot be incorporated in a precipitate during the nucleation can terminate the growth of the precipitate. If for example the diffusibility of these atoms is low, they can be accumulated at the surface of the precipitate. After the crystallite surface is completely covered by inhibitor atoms, the accretion will come to an end or will be suppressed for the bene®t of other e.g. uncovered precipitates.
For the present analysis, samples of the amorphous Fe 73.5 Si 15.5 B 7 CuNb 3 alloy were prepared by melt spinning (Mattern et al., 1994; Mattern & Mu È ller, 2000) and annealed at 723 K for 4 h. This low-temperature annealing leads to a undisturbed growth of Fe 3 Si-type nanocrystals. Precipitates with diameters between 5 and 15 nm are visible in the trans- mission electron microscopy (TEM) image in Fig. 4 . With Xray diffraction analysis (Mattern & Mu È ller, 2000) a volume fraction of about 0.02% and a mean particle diameter " D of about 10 nm were determined.
When using equation (18) in a nonlinear ®t procedure, it is essential to have some good starting parameters for " R, c and a . Some of these parameters are available also from independent experiments and can therefore be used as good starting values. With X-ray diffraction, not only a value for " D was found but it was also shown that (20 AE 1)% of the Si sites in the Fe 3 Si-type nanocrystals are occupied by Fe atoms. Together with the lattice constant this leads (Mattern & Mu È ller, 2000) to a mass density of 7.35 g cm À3 . For the amorphous matrix, a mass density of about 7.34 g cm À3 was determined (Mueller, 2000) . Together with the chemical compositions of the nanocrystals and the amorphous matrix, and the different nuclear scattering lengths (Sears, 1986) of the various types of atoms, the starting values c n = 7.45 Â 10 14 m À2 and a n = 7.41 Â 10 14 m -2 for the nuclear scattering length densities were calculated with equation (3). For the Fe 73.5 Si 15.5 B 7 CuNb 3 amorphous matrix, a magnetic saturation ®eld of about 1.24 T was determined, and for a Fe 3 Si solid sample, a ®eld of about 1.4 T was determined. With equation (4), this leads to magnetic scattering length density values of c m = 3.24 Â 10 14 m À2 and a m = 2.87 Â 10 14 m À2 . Starting the nonlinear ®t with "
R from X-ray experiments and values for i n and i m of the same order of magnitude as c and a , which is physically reasonable, the procedure converges. The results of nonlinear ®tting the small-angle neutron scattering data with equation (18) are displayed in Table 1 .
The Á value of a ®tted parameter is the con®dence interval. In a well de®ned way, it describes the range in which the parameter is allowed to be varied without signi®cant change of the regression quality (Ratkowsky, 1983; Bates & Watts, 1988; Ratkowsky, 1990) . Because information from scattering experiments only comes from the contrasts ( k À l ), {k, l = c, i, a} one parameter k is ®xed during the ®tting procedure. For this parameter, naturally no con®dence interval is given. Fig. 5 shows the results of ®tting the nuclear and magnetic part from equation (5) of the small-angle neutron scattering signal. For the magnetic part, the monodisperse ®t is included and the advantage of the polydisperse model is self-evident. Because there is no intensity scaling during the nonlinear ®t 
Figure 5
Experimental small-angle neutron scattering data and ®ts for the Fe 73.5 Si 15.5 B 7 CuNb 3 system with 2 vol.% Fe 80 Si 20 precipitates. The inset shows the magnetic scattering length density.
procedure, the inset picture shows the evolution of the scattering length density from the core of a precipitate to the amorphous matrix value, also in a quantitative manner. Table  1 shows the results of the ®tting procedure if c is held as a reference point and all the other parameters ( " R, s, l, i and a ) can vary. Because the nuclear scattering signal is very weak the con®dence interval e.g. for "
R is about 50% of the absolute value. In contrast, for the magnetic scattering ®t the con®dence intervals are very small. This means that e.g. the "
R can vary only in a small range without destroying the quality of the ®t. From the polarized neutron data we ®nd that the nuclear and magnetic scatterings have the same origins, so it is evident to ®x the " R, s and l parameter values from the magnetic scattering ®t for constraint ®ts of the I nuc , I on and I off data. The results are shown in Table 2 . One can compare a n directly with the value of 7.41 Â 10 14 m À2 calculated from the X-ray scattering data. In the range of the con®dence interval they are identical. Because the value " D estimated from X-ray diffraction data is the diameter of a particle with mean volume " V, it should be compared to (6 " V p [ " R, s]/%) 1/3 . The parameter values estimated for i and l are only accessible by analysing the small-angle neutron scattering data. They are the key values to verify the inhibitor concept. With the given precision one can show (Hermann et al., 2000) that only an enrichment of Nb atoms at the surface of the nanocrystals can explain the calculated nuclear scattering length density value ( i n ). From the ®t of the magnetic scattering signal, it is found that the density of magnetic moments at the surface ( i m ) is much smaller than in the crystallite and in the amorphous matrix. This fact, which has been con®rmed also by small-angle neutron scattering measurements using polarized neutrons and magnetic contrast variation (Wiedenmann, 1999) , can explain the breakdown of direct magnetic exchange coupling between the Fe 80 Si 20 precipitates and the amorphous matrix just below the Curie temperature T c of the amorphous matrix, as suggested by previous experiments (Kohlbrecher et al., 1997) . The value of a m from the nonlinear ®t shown in Table 2 is larger than the value of 2.86 Â 10 14 m À2 calculated from the magnetic saturation ®eld of 1.24 T of the amorphous matrix. The magnetic saturation ®eld of 1.24 T has been determined for the as-prepared amorphous state. A reorganization process during the annealing at 723 K can improve the shortrange order in the amorphous state and may lead to a larger value for the saturation ®eld. The calculated a m value of 3.13 Â 10 14 m À2 corresponds to a ®eld of 1.35 T, which is about 9% larger than the ®eld in the initial amorphous state. The received magnetic scattering length density for i m corresponds to a magnetic saturation of about (1.03 AE 0.24) T.
After calculating the values for the nuclear and magnetic scattering length densities c n , i n , a n and c m , i m , a m , we can check the coherence of nuclear and magnetic scattering and the sign of the scattering contrasts ( c nYm À a nYm ) and ( i nYm À a nYm ). Therefore, we ®xed the values of " R, l, s and c and applied the nonlinear ®t procedure to the polarized smallangle neutron scattering I on and I off data. The results in Table 3 are plotted in the inset of Fig. 6 . We compare the ®tted results for the on and off scattering length densities with the theo-retical values from the sum and the difference, respectively, of the nuclear and magnetic values, as expected from equation (7). Within the con®dence intervals, we ®nd correspondence of all values. The sign of the magnetic contrasts is the same as the Table 3 Coincidence of the scattering length densities on = nuc + mag and off = nuc À mag under " R = 604 nm, s = 135 nm and l = 036 nm restriction ®t for polarized neutrons with 4P = 1. 
Figure 6
Experimental small-angle neutron scattering data, obtained using the polarized-neutron technique, and nonlinear ®t results with the polydisperse model. The inset illustrates the behaviour of different scattering contrasts in the nuclear and magnetic cases. sign of the nuclear contrasts because both the`on' and the`off' data ®t results are coherent with the nuclear and magnetic ®ts.
Conclusion
The analytical expression developed for the small-angle scattering intensity of diluted polydisperse systems of spherical precipitates with diffusion zones has been used in nonlinear regression procedures. Together with good initial values for the parameters, one can obtain not only estimates but also con®dence intervals for them. The advantages of the model in comparison with the monodisperse one are demonstrated in an application to Fe 73.5 Si 15.5 B 7 CuNb 3 small-angle neutron scattering data. For a diluted system of about 2 vol.% of spherical Fe 3 Si-type precipitates, we can extract very good parameter estimates by the ®tting procedure. This is the basis of the quantitative evidence for the inhibitor-controlled mechanism model of nanocrystallization in amorphous alloys, discussed in detail by Hermann et al. (2000) . The analytic expression of the scattering cross section presented here moreover offers a wide range of applications to other systems. A Mathematica (Wolfram, 1999) notebook for an almost automatic analysis of small-angle neutron scattering data is available upon request.
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